A theoretical method for calculating magnetic circular dichroism ͑MCD͒ of molecules is presented. We examined the numerical accuracy and the stability of the finite perturbation ͑FP͒ method and the sum-over-state ͑SOS͒ perturbation method. The relativistic effects are shown to be important for the MCD spectra of molecules containing heavy elements. Calculations using the FP and the SOS methods were carried out for ethylene, para-and ortho-benzoquinone, showing that the FP method is superior to the SOS method, as expected. The relativistic effect was examined using the second-order Douglas-Kroll Hamiltonians for the halogen molecules F 2 , Cl 2 , Br 2 , and I 2 . The Faraday terms of I 2 and Br 2 were strongly affected by the relativistic effects, while the effect was negligible for Cl 2 and F 2 .
I. INTRODUCTION
Magnetic circular dichroism ͑MCD͒ is the differential absorption of dextrorotatory and levorotatory circular polarized light in the presence of an external magnetic field. The MCD spectrum is often used as a complement to the corresponding electronic absorption spectrum, since the former has a set of positive and negative peaks while the latter always has positive ones. MCD is therefore particularly useful in assigning spectral bands containing multiple overlapping electronic and vibrational peaks. MCD has been observed for simple polyatomic molecules, e.g., acetylene, 1 ethylene, 2, 3 tetramethylethylene, 4 cyclopropane, 5 benzene derivatives, [6] [7] [8] [9] [10] [11] [12] quinones, 13 etc., and recently for more complex systems such as porphyrins, 14 porphycenes, 15 metal complexes, 16 and so on. The basic theory of MCD was firmly established by the 1970s, 17 and many theoretical studies on this subject have been published. 9, 13, [18] [19] [20] [21] [22] [23] [24] [25] Shieh et al. reported a theory of molecules in dense media, 18 and Coriani et al. reported a formulation in the framework of the coupled-cluster response theory. 19 A number of calculations using ab initio 20, 21 and semiempirical molecular-orbital theories have been performed on ethylene, 20 cyclopropane, 21 formaldehyde, 22 benzene derivatives, 9, 23, 24 quinones, 13, 20 and aromatic 24 and nonaromatic 25 cyclic -electron compounds. The MCD is characterized by the Faraday terms which consist of the A, B, and C terms. The A and C terms can readily be calculated, whereas the calculations of the B term are somewhat complicated, because the formers do not need the magnetic-field derivatives of wave functions while the latter needs them. The details of the Faraday terms will be explained in Sec. II.
We have two purposes in the present paper. One is a comparison of the finite perturbation ͑FP͒ method 23 with the sum-over-states ͑SOS͒ method in the calculations of the Faraday B term. The SOS method has commonly been used for the calculations of the B term in the previous studies. 9, 13, 18, 21, 22, 24, 25 This method has a merit that one does not need to calculate wave functions in magnetic fields. However, the SOS method has some disadvantages: ͑1͒ it is time consuming because it involves the calculations of the intermediate states, ͑2͒ a convergence problem arises owing to a truncation on the sum over the intermediate states, ͑3͒ the usual SOS method does not provide the best results except with full configuration interaction ͑CI͒, and some inaccuracy remains even if all intermediate states are considered. This point was discussed for the second-order SOS perturbation energy based on the Hartree-Fock wave function in Ref. 26 . It is briefly revisited in the next section. On the other hand, the FP method and quadratic response theory 20 are free from these disadvantages. ͑The latter has been employed by Coriani et al. 19, 20 ͒ In this paper, we calculate MCD by the FP and the SOS methods and show the effects of ͑2͒ and ͑3͒ in terms of practical computational results. This comparison is performed for ethylene, p-benzoquinone ͑BQ͒, and o-BQ, and these are discussed in Sec. IV.
The other purpose of this paper is to examine relativistic effects on the MCD spectra, and these are discussed in Sec. V. The relativistic effect is expected to be important for the MCD of molecules containing heavy elements, e.g., halogen molecules, 27 methyl halides, 28, 29 and carbon tetrahalides.
Recently, we have developed the quasirelativistic generalized unrestricted Hartree-Fock 31-33 ͑GUHF͒ single excitation configuration interaction ͑SECI͒ method and have reported that the relativistic correction is essential in the calculation of the Faraday term for methyl iodide. 34 In this paper, the relativistic effects in the halogen molecules I 2 , Br 2 , Cl 2 , and F 2 are investigated by the GUHF/SECI method.
II. FORMULATION OF MCD AND FARADAY TERMS

A. MCD ellipticity
The working equations used in the present study are derived from the basic formula of MCD given in Ref. 17 . These equations are used in the framework of both relativistic and nonrelativistic theories. Relativistic effects are introduced as a natural consequence of the wave functions determined by the relativistic zeroth-order Hamiltonians and the relativistic form of the magnetic field.
When an electromagnetic field of light traveling in the z direction is applied to a molecule, the ellipticity caused by the electronic transition from the ground state a to the excited state j within the long-wavelength approximation is given by
where N a is the number of ground-state molecules in the light path, f͑ ja , ͒ denotes a spectral shape function of the energy , and ja is the excitation energy for a → j. The terms m x and m y are the electric transition dipole moments. In the absence of an external magnetic field, in Eq. ͑1͒ is zero, but it is nonzero in the presence of a magnetic field. ͓Circular dichroism ͑CD͒ of optically active molecules is not derived from Eq. ͑1͒, because the long-wavelength approximation is inappropriate for the description of CD.͔ The MCD spectrum is obtained by differentiating with respect to the external magnetic-field strength H z in the limit of H z → 0. The MCD ellipticity is given by
The derivative in the first term is rewritten as
where the summation over j ← a means the sum of all pairs of degenerate substates a and j. When the magnetic dipole moments are zero both for a and j, namely, neither a nor j is degenerate, then ja is unaffected by a magnetic field, and this term becomes zero. However, if a or j is degenerate, the degeneracy vanishes in the presence of the magnetic field, and the energies of the states are shifted by
where
In Eq. ͑5͒, z is the z component of the magnetic moment and is given by
where g is the g factor of a free electron. Substituting Eq. ͑4͒ into Eq. ͑3͒, we obtain
On the other hand, the third term of Eq. ͑2͒ is nonzero only when the ground state a is degenerate. N a is assumed to be determined by the Boltzmann distribution since the molecules are populated among the split substates in the presence of a magnetic field. The number of molecules in the ␣th substate of the ground state a, N a ␣ , is given by
where d a is the number of the degenerate substates of a, k is the Boltzmann constant, and T is the absolute temperature. Since the magnitude of the energy splitting is much smaller than the thermal energy kT,
Therefore, Eq. ͑2͒ can be written as
B. Faraday terms
The MCD ellipticity is characterized by three parameters A, B, and C, which are called the Faraday terms, and one shape function f͑ ja , ͒, as follows:
ͪͬ.
͑11͒
Comparing Eq. ͑10͒ with Eq. ͑11͒, we define the following three terms:
Since the Faraday terms are determined only by the electric and magnetic moments of the molecule, these values are intrinsic to the electronic states of the molecule. The parameters A, B, and C can be determined experimentally.
In gas and liquid phases, one has to calculate the isotropic average of Eq. ͑12͒. They are given by
where is Levi-Civita tensor. The indices ␣, ␤, and ␥ run over x, y, and z. The terms m ja,␣ and m ja,␣ ͑␥͒ mean the ␣-direction components of the electric transition moments between a and j without a magnetic field and that in a ␥-direction magnetic field H ␥ , respectively.
The A and C terms consist of the magnetic moments of the unperturbed ground and excited states and the electric transition moments, while the B term is the first-order derivatives of the magnetic field. In the FP method, the B term is obtained by numerical differentiation of Eq. ͑13͒ using the wave functions in a finite magnetic field, namely,
͑14͒
where ⌿ a ͑H ␥ ͒ and ⌿ j ͑H ␥ ͒ are the perturbed wave functions in the presence of H ␥ . Alternatively, using the first-order perturbed a and j states,
the isotropic B term in the SOS form is given by
͑17͒
If n in Eq. ͑17͒ runs over a complete set of eigenstates, Eqs. ͑14͒ and ͑17͒ give the same results. However, practically, the summation over n is usually truncated. Furthermore, even if we employ the complete HF/SECI approximation for the ground and excited states, the Faraday B term is somewhat troublesome, because the intermediate state n in Eq. ͑17͒ runs over the SECI wave functions and the SECI state j has interactions with single and double excitation CI ͑SDCI͒ through the perturbation with respect to the magnetic field. It therefore turns out that even if all the SECI states are considered as the intermediate states n, the best value of the B term within the SECI approximation will not be obtained. This error is not specific to the case of the SECI approximation, but always arises except for the full CI, and it can be substantial in some cases.
III. COMPUTATIONAL DETAILS
A. Molecules
Calculations of the Faraday terms of ethylene, p-BQ, and o-BQ ͑C 6 H 4 O 2 ͒ were carried out using a nonrelativistic method, in order to compare the FP and SOS methods. Subsequently, calculations of halogen molecules ͑I 2 , Br 2 , Cl 2 , and F 2 ͒ were carried out using both relativistic and nonrelativistic methods. The geometrical parameters of these molecules were taken from Refs. 35-38 for ethylene, p-BQ, o-BQ, and halogens, respectively.
B. Basis set
The Huzinaga-Dunning ͑9s5p /4s͒ / ͓4s2p /2s͔ ͑DZ͒ basis sets with standard scaling factors 39 were used for C, O, and H atoms in the calculations on ethylene, p-BQ, and o-BQ. The reason we employed these small basis sets is that the nontruncated SOS ͑sum over "all" the intermediate states͒ calculations are needed to study the difference between the results of the SOS and FP methods, rather than comparing the results to the experimental values. For p-BQ and o-BQ, however, the calculations with ͓4s2p1d /2s͔ ͑DZP͒ sets were also performed. In the calculations on halogens, we used the Huzinaga-Dunning ͑9s5p͒ / ͓5s3p͔ plus the Huzinaga ͓2d͔ polarization 40 and the Jungen ͓5s5p͔ Rydberg functions 41 for F; the McLean-Chandler ͑13s10p͒ / ͓6s5p͔ ͑Ref. 42͒ plus the Huzinaga ͓2d͔ polarization and the Jungen ͓5s4p͔ Rydberg functions for Cl; the Huzinaga well-tempered Gaussian ͑WTG͒ ͑26s20p14d͒ / ͓8s8p5d͔ ͑Ref. 43͒ plus the Jungen ͓5s5p͔ Rydberg functions for Br; and the Huzinaga WTG ͑28s23p17d͒ / ͓11s8p6d͔ plus the Huzinaga ͓1d͔ polarization and the Jungen ͓5s5p͔ Rydberg functions for I. The WTG basis sets for Br and I were contracted using second-order Douglas-Kroll calculations.
C. Hamiltonians
The levels of nonrelativistic and relativistic Hamiltonians examined here are abbreviated as follows:
͑a͒ Non-Rel: nonrelativistic Hamiltonian, ͑b͒ SFR: spin-free ͑scalar͒ relativistic, ͑c͒ SFR+ SO1 : SFR+ one-electron spin-orbit interaction, and ͑d͒ Full-Rel ͑SFR+ SO1 + SO2͒ : SFR+ SO1 + two-electron spin-orbit interaction.
The SFR and SO1 terms were generated by the second-order Douglas-Kroll-Hess method. [44] [45] [46] The SO2 term is introduced by the Breit-Pauli-type two-electron spin-orbit interaction. For the perturbation term due to the magnetic field, the nonrelativistic form was used in the calculations. In the previous study, we investigated the effect of the DouglasKroll transformation of the magnetic dipole operator in the calculations of NMR chemical shifts. 32 In that study, we found that this effect is small unless the electrons in the vicinity of heavy nuclei are treated. In the present case, we are interested in the outer-valence excitations, and therefore we believe that the nonrelativistic treatment is enough for the magnetic dipole operator.
D. Wave functions
The ground/excited-state wave functions were calculated by the GUHF/SECI method. [31] [32] [33] [34] The inner-core orbitals of atoms other than H were frozen in the SECI calculations. Although the SECI approximation gives rather poor excitation energies compared to electron correlation theories, e.g., multireference ͑MR͒-SDCI, complete active space secondorder perturbation ͑CASPT2͒, [47] [48] [49] and the symmetryadapted cluster-CI ͑SAC-CI͒ method, [50] [51] [52] the MCD Faraday terms are expected to be qualitatively valid, because they essentially reflect one-electron processes. For halogens, however, the SAC-CI calculations with the SO1 term were also carried out in order to evaluate the electron correlation effect.
The SAC-CI wave functions with the SO1 term were obtained by the diagonalization of the SO1 Hamiltonian matrix represented by the unperturbed singlet and triplet SAC-CI states. 34, 53 
E. Methods of calculating the B terms
The SOS and FP methods were employed in the calculation of the B terms of ethylene, p-BQ, and o-BQ, and the results of these two methods were compared. For halogen molecules, only the FP method was used, because the purpose was not a comparison of the SOS and FP methods, but the examination of the relativistic effects. The gauge origin was taken to be at the center of gravity of the molecule. The gauge dependence of the Faraday terms was also examined, and we confirmed that the dependence was negligible for the molecules studied here.
IV. COMPARISON BETWEEN THE SOS AND FP METHODS
In this section, we study the difference between the results calculated by the SOS and FP methods for ethylene, p-BQ, and o-BQ, rather than comparing the results to the experimental values. Table I shows the SECI excitation energies and the MCD Faraday B terms for some singlet excited states of ethylene using the SOS and FP methods. Since all the states are nondegenerate, the Faraday A and C terms disappear. The Faraday B terms calculated by the FP method are nearly constant with respect to the strength of the finite magnetic field. However, since this system is small, we considered all the SECI states ͑the number of states n is 108͒ as intermediate states in the SOS method. It is evident from Table I that there are significant differences in the values of the B terms calculated by the two methods. In particular, the two methods even predict opposite signs for the 1 1 B 1u state ͑the lowest -* state͒: the B term calculated by the FP method is about 0.037 D 2 B / kK, whereas the SOS method yields −0.0242. Although the experimental value of the B term for this state is unknown, it is reported to be positive for ethylene 2 and tetramethylethylene. 4 Recently, reexamination of the absorption and MCD spectra of ethylene was performed by Snyder et al., and they reported that the 1 1 B 1u ͑-* ͒ and the 1 1 B 3u ͓-Ryd͑3s͔͒ states have the opposite MCD signs. 54 Our results support this finding, as well Tables II and III , respectively, where the corresponding experimental values of the B terms are also given. Only the Faraday B terms are nonzero for these molecules. The dimensions of the SECI matrices were 1040, and the eigenstates were obtained by diagonalizing the matrices of dimension 1040. In the truncated SOS method, the n states were chosen in the order of lower SECI energies. For both molecules, the B terms depended considerably on the truncation of the intermediate states in the early stage. For example, the B term for 1 1 B 1u state ͑-* ͒ of p-BQ varies from −0.2364 D 2 B/kK for n = 29 to −0.3878 for n = 160. On the other hand, the changes from n = 160 to n = 1040 ͑full͒ were small, indicating that the truncation of the SOS to n = 160 gives results as accurate as the full SOS calculations of these molecules. However, the differences between the FP and the full SOS results were still sizable. In the worst case, the 1 1 B 3u state of p-BQ, the SOS result was less than one-tenth of the FP result. This is also attributed to the effects of the doubly excited configurations in the FP method. 26 It should be mentioned that although the calculated B terms have the same signs as the experimental results, the agreement of their actual values was rather poor. For the 1 1 B 2 state of o-BQ, the B term calculated by the FP method was −0.2471, while the experimental value was −0.19, a relatively small difference. However, for the lowest allowed state of p-BQ ͑1
1 B 1u ͒, the calculated value was −0.2667, which is much larger than the experimental value −0.04. Part of this inaccuracy is due to the small basis set used, and the calculated values were somewhat improved by using a larger basis set. The results of using the DZP basis set with the FP method are listed in Tables II and III. For p-BQ, the calculated B term was improved from −0.2667 in DZ to −0.1791 in DZP. The B term for o-BQ was also changed from −0.2471 in DZ to −0.2375 in DZP. The other factor involved here is probably the lack of electron correlation, which will have to be included for further improvements in the calculation of the Faraday terms.
V. RELATIVISTIC EFFECTS IN HALOGEN MOLECULES
Here, we report the MCD calculations on halogen molecules and discuss the relativistic effects on their MCD spectra. The experimental absorption and MCD spectra of I 2 , Br 2 , and Cl 2 were observed by Brith et al. 27 Though the lowest allowed bands in the absorption spectra for I 2 and Br 2 are apparently attributed to single electronic excitation, three n -* excited states are identified using MCD spectra. These are the 3 in the nonrelativistic limit and gain transition intensity through SO interactions with singlet states. The lowest band for Cl 2 is, on the other hand, thought to be truly one band ͑or the SO interaction with the two triplet states is small͒ and is assigned to 1 ⌸ u . Although the experimental results for F 2 have not been reported, the SO interaction for F 2 is also expected to be very small.
The SECI excitation energies, MCD Faraday A and B terms, dipole strengths, and oscillator strengths of the three excited states, 3 ⌸ 1u , 3 ⌸ 0u , and 1 ⌸ u , in all four halogen molecules are shown in Tables IV-VII. In Figs. 1 and 2 , the calculated Faraday B and A terms at the various relativistic levels are plotted with their corresponding experimental values. These terms were calculated by the Non-Rel SFR + SO1, and Full-Rel GUHF/SECI methods. In addition, SFR and SO1 calculations were also performed for I 2 . The experimental values 27 were determined by a curve-fitting procedure. Since the ground states are nondegenerate, the Faraday C terms vanished for all the molecules.
For I 2 ͑in Table IV͒, The signs of the calculated A and B terms were in accord with the experimental data. When the SO1 terms are considered, the Faraday terms of 3 ⌸ 1u and 3 ⌸ 0u appeared, but the values in the SO1 calculation were quite different from the Full-Rel values. In addition, even the signs of the values in the SO1 calculation were different from those in Full-Rel for the B term of 1 ⌸ u . On the other hand, for 1 ⌸ u , the SFR calculation gave the values of the Faraday terms that are similar to those obtained using Full-Rel. This implies that the SFR terms improve the calculations of the Faraday terms for all states, while the SO1 terms are essential for the calculations involving the triplet-dominant states ͑ 3 ⌸ 1u and 3 ⌸ 0u ͒. The Faraday terms are not additive with respect to the SFR and SO1 terms, and so their simultaneous consideration is important. The SFR+ SO1 calculation gave 0.0460 for the B term of the 1 ⌸ u state, which is comparable with the Full-Rel value of 0.0418. Also for the 3 ⌸ 1u and 3 ⌸ 0u states, the SFR+ SO1 calculations improved the B term from the NonRel values of 0.0220 and −0.0401 to 0.4759 and −0.4532, respectively. These SFR+ SO1 values had the same order as the Full-Rel values, namely, 0.6613 and −0.6393. In contrast, the differences between the SFR+ SO1 and Full-Rel results were smaller than the difference between the Non-Rel and SFR+ SO1 results, although these former differences were not negligible. This is consistent with our previous results for CH 3 I. 34 For Br 2 in Table V 0.0665, and lastly, the Full-Rel value of 0.0687. The A term was −0.0165 in Non-Rel, becoming −0.0501 and −0.0507 in SFR+ SO1 and Full-Rel, respectively. For the 3 ⌸ 1u and 3 ⌸ 0u states, the B terms in the relativistic calculations had positive and negative values, respectively, in accordance with the experimental results. The SO2 effect on the Faraday terms was smaller than the SFR+ SO1 effect, similar to I 2 . As a whole, although the relativistic effects in MCD of Br 2 were considerable, the shifts of the Faraday terms due to the relativistic treatment were smaller than for I 2 .
Tables VI and VII show the results for Cl 2 and F 2 , respectively. For Cl 2 , the calculated values became closer to the experimental results when the relativistic effects were considered. The B term was improved from the Non-Rel value of 0.0212 to the Full-Rel value of 0.0243; the experimental value is 0.0335. The A term was similarly improved by the relativistic corrections. However, the changes were much smaller than for I 2 or Br 2 . For F 2 , the Faraday terms for 1 ⌸ u are almost unchanged by the relativistic effects, and those for 3 ⌸ 1u and 3 ⌸ 0u were almost zero even in the FullRel calculations. We thus conclude that the relativistic effects on MCD are important only for molecules including heavy atoms.
Although all the signs of the Faraday terms for the halogen molecules were correctly reproduced in the relativistic calculations, some absolute values of the calculated Faraday terms were quite different from the experimental values. This is mainly due to the poor description of the dipole strengths in these systems. These over/underestimations can be attributed to electron correlations. Furthermore, the order of the calculated energies is reversed from that of the experimental energies known for I 2 and Br 2 ; the assignments of 3 ⌸ 1u and 3 ⌸ 0u states in the GUHF/SECI calculations were made based on oscillator strengths rather than excitation energies. We performed SAC-CI calculations with the SO1 perturbation in order to confirm the validity of the assignments made by SECI and to obtain more accurate excitation energies, and these results are listed in Tables IV-VII. The SAC-CI + SO1 calculation corrects the energy orders, and we confirmed that the assignment made by the SECI method was correct, by configuration analysis. was observed in our calculations. Since we did not obtain accurate energies, we did not show theoretical spectra nor judged the validity of the experimental fitting procedures. Correlation effects and, in particular, the coupling between electron correlation and relativistic effects in MCD are interesting subjects for the study in the near future.
VI. CONCLUSIONS
The generalized UHF ͑GUHF͒/SECI method for calculating the Faraday terms in MCD with finite magnetic-field perturbation was presented and the results for ethylene, p-BQ, and o-BQ were compared with those obtained by the conventional SOS method. The differences were not negligible, and even the signs of the terms obtained by the two methods were opposite for the lowest -* states of ethylene. Quasirelativistic treatments in the calculations of the Faraday terms were also discussed. The method was applied to the three n-* states ͑ 3 ⌸ 1u , 3 ⌸ 0u , and 1 ⌸ u ͒ of each of the halogen molecules I 2 , Br 2 , Cl 2 , and F 2 . The relativistic effects became important for the MCD spectra of heavy molecules: the Faraday terms for I 2 and Br 2 were significantly changed by the relativistic corrections, whereas these effects were negligible for Cl 2 and F 2 . The spin-free relativistic Hamiltonian incorporating the one-electron spin-orbit term gave the results similar to the full relativistic case, indicating that the relativistic effects induced by the two-electron spinorbit term in MCD are small. In all calculations, the signs of the Faraday terms agreed with those of the experimental values, although some of their absolute values were over/ underestimated compared to the experiments. This was thought to be mainly due to a lack of electron correlation.
